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Abstract. One of the most important results in operator theory is Andoˆ’s [3] gen-
eralization of dilation theory for a single contraction to a pair of commuting contrac-
tions acting on a Hilbert space. While there are two explicit constructions (Scha¨ffer
[29] and Douglas [18]) of the minimal isometric dilation of a single contraction, there
was no such explicit construction of an Andoˆ dilation for a commuting pair (T1, T2)
of contractions, except in some special cases [2, 16, 17]. In this paper, we give two
new proofs of Andoˆ’s dilation theorem by giving both Scha¨ffer-type and Douglas-type
explicit constructions of an Andoˆ dilation with function-theoretic interpretation, for
the general case. The results, in particular, give a complete description of all possible
factorizations of a given contraction T into the product of two commuting contrac-
tions. Unlike the one-variable case, two minimal Andoˆ dilations need not be unitarily
equivalent. However, we show that the compressions of the two Andoˆ dilations con-
structed in this paper to the minimal dilation spaces of the contraction T1T2, are
unitarily equivalent.
In the special case when the product T = T1T2 is pure, i.e., if T
∗n → 0 strongly,
an Andoˆ dilation was constructed recently in [17], which, as this paper will show, is
a corollary to the Douglas-type construction. We also show that their construction
in this special case can be derived from a previous result obtained in [28].
We define a notion of characteristic triple for a pair of commuting contractions
and a notion of coincidence for such triples. We prove that two pairs of commuting
contractions with their products being pure contractions are unitarily equivalent if
and only if their characteristic triples coincide. We also characterize triples which
qualify as the characteristic triple for some pair (T1, T2) of commuting contractions
such that T1T2 is a pure contraction.
1. Introduction
A result by Sz.-Nagy [25] that has influenced the development of operator theory
greatly is that for every contraction T acting on a Hilbert space H, there exists an
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isometry V acting on a Hilbert space K containing H such that V ∗|H = T
∗. A decade
later, Andoˆ in his remarkable paper [3] extended this classical result of Sz.-Nagy to
two variables by giving an enigmatic construction of a pair of commuting isometries
(V1, V2) for a pair of commuting contractions (T1, T2) such that (V1, V2) is a co-extension
of (T1, T2). Before we proceed further, we define the central topic of this paper.
Definition 1. Let T = (T1, T2, . . . , Tn) be a commuting n-tuple of operators on a
Hilbert space H. An n-tuple of commuting operators V = (V1, V2, . . . , Vn) on a Hilbert
space K is called a dilation of T , if there exists an isometry Π : H → K such that
ΠT ∗i = V
∗
i Π, for every i = 1, 2, . . . , n.
Moreover, the dilation (Π, V ) of T is said to be minimal if
K = span{V m11 V
m2
2 · · ·V
mn
n Πh : mi ≥ 0 for each 1 ≤ i ≤ n, h ∈ H}.(1.1)
When it is clear from the context what the isometry Π is, we omit it. Andoˆ’s theorem
sparked a great deal of research in Mathematics, see [4, 5, 6, 15, 22, 23, 26, 27] and
references therein. However, an explicit construction of Andoˆ dilation with function
theoretic interpretation has been lacking. And, only under substantial assumptions on
the pair (T1, T2), an Andoˆ dilation was constructed in the papers [2], [16] and [17]. On
the other hand, there are two concrete constructions [29, 18] of the minimal isometric
dilation of a single contraction. We shall recall both of these constructions here and
give two-variable analogues of these classical constructions of dilation. In other words,
we give two new proofs of Andoˆ’s dilation theorem.
Note that if V = (V1, V2) on K is an Andoˆ dilation of a pair (T1, T2) of commuting
contractions on H, then V1V2 is an isometric dilation of T1T2 and in general, V1V2 need
not be the minimal isometric dilation of T1T2. In other words, K, in general, is bigger
than
KminV := span{V
m
1 V
m
2 Πh : h ∈ H and m ≥ 0}.
While any two minimal isometric dilations of a single contraction are unitarily equiv-
alent [24], minimality in several variables does not yield uniqueness up to unitary
equivalence. However, we prove that for a given pair (T1, T2) of commuting contrac-
tions on a Hilbert space H, the two Andoˆ dilations V = (V1, V2) and V
′ = (V ′1 , V
′
2)
constructed here are such that when compressed to the respective minimal spaces KminV
and KminV ′ , they are unitarily equivalent, i.e.,
PKmin
V
(V1, V2)|Kmin
V
is unitarily equivalent to PKmin
V ′
(V ′1 , V
′
2)|Kmin
V ′
,
where PKmin
V
and PKmin
V ′
denote the projections onto KminV and K
min
V ′ , respectively.
1.1. Scha¨ffer model for Andoˆ dilation. A couple of years after Sz.-Nagy proved
his dilation theorem, Scha¨ffer in [29] gave the first explicit construction of a minimal
isometric dilation of a contraction. An interesting application of this concrete con-
struction is that it gives a constructive proof the famous commutant lifting theorem,
see [20] . Scha¨ffer showed that if T is a contraction on a Hilbert space H, then the
operator VS : H⊕H
2(DT )→ H⊕H
2(DT ) given by
VS :=
(
T 0
DT Mz
)
,(1.2)
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is an isometry (obviously a dilation of T ). Here, for a contraction T , the space DT is the
closure of the range of the defect operator DT := (I − T
∗T )1/2 of T . The operator Mz
is the ‘forward shift’ on H2(DT ). The operator in the (2, 1)-entry of the matrix in (1.2)
should be viewed as the constant function z 7→ DTh in H
2(DT ), when applied to an
element h of H (this convention is taken up throughout the paper). For a contraction
T , the notation VS in this paper will always denote the matrix in (1.2). For a Hilbert
space F , the notation H2(F) denotes the Hilbert space consisting of F -valued analytic
functions on the unit disk D for which the coefficients (belonging to F) of its Taylor
series expansion around the origin, are norm-square summable. Note that H2 ⊗ F is
another realization of H2(F), where H2 is the Hardy space over the unit disk. For ϕ
in H∞(B(F)), the algebra of B(F)-valued bounded analytic functions on D, let Mϕ
denote the bounded operator on H2(F) defined by
Mϕf(z) = ϕ(z)f(z), for all f ∈ H
2(F) and z ∈ D.
Our first construction of Andoˆ dilation is Scha¨ffer-type, which we now describe. See
§6.2 for a possible application of this construction.
Let (T1, T2) be a pair of commuting contractions and T = T1T2. We show that
the space on which the dilation pair (V1, V2) acts, can be chosen to be of the form
KS := H⊕H
2(F) for some Hilbert space F containing an isometric copy of DT , where
(i) F = DT1 ⊕DT2, if dim(DT1 ⊕DT2) <∞ and
(ii) F = DT1 ⊕
(
DT2 ⊕ l
2
)
, (possibly) if dim(DT1 ⊕DT2) =∞.
Andoˆ’s construction was an influential result at the time but has some disadvantages:
it does not lead to an explicit identification of a minimal dilation (V1, V2) nor to any
function-theoretic interpretation. However, we show that the dilation pair can be
constructed in a way to have the following interesting structure:
(V1, V2)|H2(F) = (MP⊥U+zPU ,MU∗P+zU∗P⊥),
for some unitary U and projection P in B(F).
Moreover, this construction leads to a minimal dilation in the following sense weaker
than (1.1). We find an isometry Λ : DT → F and show that
Π∗ΛV1V2ΠΛ = VS,(1.3)
where ΠΛ : H⊕ (H
2 ⊗DT )→ H⊕ (H
2 ⊗F) is the isometry defined by
ΠΛ := IH ⊕ (IH2 ⊗ Λ) .(1.4)
In 2× 2 block operator matrix representation with respect to the decomposition H⊕
H2(F), the Scha¨ffer-type dilation pair (V S1 , V
S
2 ) is the following:((
T1 0
PUΛDT MP⊥U+zPU
)
,
(
T2 0
U∗P⊥ΛDT MU∗P+zU∗P⊥
))
.
This is the content of the following theorem – the first main result of this paper, which
in particular describes all possible factorizations of a given contraction into the product
of two commuting contractions.
Theorem 2 (Scha¨ffer model). Let (T1, T2, T ) be a triple of contraction operators on a
Hilbert space H. Then the following are equivalent:
(P) (T1, T2) is commuting and T is the product of T1 and T2;
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(A) There exists a Hilbert space F , a commuting pair (V S1 , V
S
2 ) of isometries on
KS = H⊕H
2(F) and an isometry Λ : DT → F such that
(V S∗1 , V
S∗
2 )|H = (T
∗
1 , T
∗
2 ), (V
S
1 , V
S
2 )|H2(F) = (Mϕ,Mψ) and Π
∗
ΛV
S
1 V
S
2 ΠΛ = VS
where ΠΛ : H⊕H
2(DT )→H⊕H
2(F) is the isometry as in (1.4) and
ϕ(z) = (P⊥U + zPU), ψ(z) = U∗P + zU∗P⊥
are inner functions for some unitary U and projection P in B(F);
(S) There exists a pair of contractions (S1, S2) on H⊕H
2(DT ) such that
(S∗1 , S
∗
2)|H = (T
∗
1 , T
∗
2 ), V
∗
S |H = S
∗
1S
∗
2 |H = S
∗
2S
∗
1 |H and
(S1, S2)|H2(DT ) = (MΦ,MΨ),
where Φ and Ψ are some one-degree contractive B(DT )-valued polynomials.
Moreover, Φ and Ψ can be chosen to be
Φ(z) = F1 + zF
∗
2 and Ψ(z) = F2 + zF
∗
1
where (F1, F2) = (Λ
∗P⊥UΛ,Λ∗U∗PΛ), the isometry Λ, the projection P and
the unitary U are as in part (A).
Note that (P)⇒(A) of the above theorem gives an Andoˆ dilation for the pair (T1, T2)
while (A)⇒(S) describes the avatar of the dilation pair on the Scha¨ffer dilation space.
1.2. Douglas model for Andoˆ dilation. There is another elegant construction of
a minimal isometric dilation of a contraction by R. G. Douglas, see §4 of [18]. We
describe it below. For a contraction T acting on a Hilbert space H, one always has
IH ≥ TT
∗ ≥ T 2T ∗2 ≥ · · · ≥ T nT ∗n ≥ · · · ≥ 0,
which implies that there exists a positive operator Q such that Q2 := SOT limT nT ∗n.
An immediate observation one makes about Q is that TQ2T ∗ = Q2, which indicates
that there exists an isometry X∗ from RanQ into itself such that
X∗Q = QT ∗.(1.5)
Let W ∗ on R ⊇ RanQ be the minimal unitary extension of X∗. Define the operator
O : H → H2(DT ∗) by
O(h) :=
∞∑
n=0
znDT ∗T
∗nh for all h ∈ H.(1.6)
The operator O is called the observability operator, see [7]. It was observed in [18] that
the isometry ΠD : H → H
2(DT ∗)⊕R defined by
ΠD(h) := O(h)⊕Q(h),
has the following intertwining property
ΠDT
∗ = (Mz ⊕W )
∗ΠD.(1.7)
Therefore the operator VD := Mz ⊕W on H
2(DT ∗)⊕R is an isometric dilation of T .
It is shown to be minimal too, see Lemma 1 in [18].
As before, let (T1, T2) be a pair of commuting contractions on a Hilbert space H
and T = T1T2. We show that an Andoˆ dilation of (T1, T2) can also be constructed on
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a space of the form KD := H
2(F∗) ⊕ R, where F∗ is a Hilbert space containing an
isometric image of DT ∗ and like in the first construction
(i) F∗ = DT ∗
1
⊕DT ∗
2
, if dim(DT ∗
1
⊕DT ∗
2
) <∞ and
(ii) F∗ = DT ∗
1
⊕
(
DT ∗
2
⊕ l2
)
, (possibly) if dim(DT ∗
1
⊕DT ∗
2
) =∞.
We find two commuting unitaries W1,W2 acting on R such that RanQ is co-invariant
under W1 and W2 and that W1W2 =W . We find an isometry Γ : DT ∗ → F∗ such that
the isometry Π˜ : H → H2(F∗)⊕R defined by
Π˜(h) :=
(
(IH2 ⊗ Γ)⊕ IR
)
ΠD(h) =
∞∑
n=0
znΓDT ∗T
∗nh⊕Qh
has the following intertwining property:
Π˜(T1, T2, T1T2)
∗ =
(
(MU ′∗P ′⊥+zU ′∗P ′ ⊕W1), (MP ′U ′+zP ′⊥U ′ ⊕W2), (Mz ⊕W )
)∗
Π˜,
where P ′ and U ′ are a projection and a unitary in B(F∗). Consequently, the following
pair of block operator matrices on H2(F∗)⊕R is an Andoˆ dilation for the pair (T1, T2):
(V D1 , V
D
2 ) :=
((
MU ′∗P ′⊥+zU ′∗P ′ 0
0 W1
)
,
(
MP ′U ′+zP ′⊥U ′ 0
0 W2
))
.
Note that the dilation (V D1 , V
D
2 ) is such that with the isometry ΠΓ : (H
2⊗DT ∗)⊕R →
(H2 ⊗ F∗)⊕R defined by
ΠΓ := (IH2 ⊗ Γ)⊕ IR(1.8)
the following holds:
Π∗ΓV
D
1 V
D
2 ΠΓ = Mz ⊕W = VD.(1.9)
The following theorem, the second main result of the paper, summarizes the second
construction.
Theorem 3 (Douglas model). Let (T1, T2, T ) be a triple of contraction operators on a
Hilbert space H. Then the following are equivalent:
(P) (T1, T2) is commuting and T is the product of T1 and T2;
(A′) There exist Hilbert spaces F∗, R, commuting unitaries W1,W2 in B(R), a pair
(V D1 , V
D
2 ) of commuting isometries on H
2(F∗)⊕R such that
(V D1 , V
D
2 ) =
(
(MU ′∗P ′⊥+zU ′∗P ′ ⊕W1), (MP ′U ′+zP ′⊥U ′ ⊕W2)
)
for some projection P ′ and unitary U ′ in B(F∗), and a joint (V
D
1 , V
D
2 )-co-
invariant subspaceM⊆ H2(F∗)⊕R such that (T1, T2, T ) is unitarily equivalent
to
PM(V
D
1 , V
D
2 , V
D
1 V
D
2 )|M.
Moreover, the space M can be chosen to be the range of an isometry Π˜ : H →
H2(F∗)⊕R such that
(V D1 , V
D
2 , V
D
1 V
D
2 )
∗Π˜ = Π˜(T1, T2, T1T2)
∗;
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(D) There exist a pair of contractions (D1, D2) acting on H
2(DT ∗)⊕R and a joint
(D1, D2, VD)-co-invariant subspace M
′ ⊆ H2(DT ∗)⊕R such that
(T1, T2, T ) is unitarily equivalent to PM′(D1, D2, VD)|M′ and
PM′VD|M′ = PM′D1D2|M′ = PM′D2D1|M′.
Moreover, (D1, D2) can be chosen to be (MΦ ⊕W1,MΨ ⊕W2), where
Φ(z) = G∗1 + zG2 and Ψ(z) = G
∗
2 + zG1,
where (G1, G2) = (Γ
∗P ′⊥U ′Γ,Γ∗U ′∗P ′Γ), Γ : DT ∗ → F∗ is an isometry, W1,
W2, P
′ and U ′ are as in part (A′).
Note that (P′)⇒(A′) of the above theorem gives an Andoˆ dilation for the pair (T1, T2)
while (A′)⇒(D) describes the avatar of the dilation pair on the Douglas dilation space.
Equations (1.3) and (1.9) imply that the two Andoˆ dilations constructed above are
such that when we compress their products V1V2 and V
D
1 V
D
2 to the Scha¨ffer’s space
H ⊕ H2(DT ) and the Douglas’ space H
2(DT ∗) ⊕ R, respectively, we get the minimal
isometric dilations VS and VD of the product T1T2 of the contractions constructed by
Scha¨ffer and Douglas, respectively. We use the fact that any two minimal isometric
dilations of a given contraction, in particular VS and VD are unitarily equivalent, to
obtain the following result. In fact, in §4 we prove a more general result (see Theorem
23 below) from which the following theorem will follow.
Theorem 4. For a pair (T1, T2) of commuting contractions on a Hilbert space H, let
(V S1 , V
S
2 ) on KS = H ⊕ H
2(F) and (V D1 , V
D
2 ) on KD = H
2(F∗) ⊕ R be the Andoˆ
dilations constructed in Theorem 2 and Theorem 3, respectively. Let ΠΛ and ΠΓ be the
isometries as defined in (1.4) and (1.8), respectively. Then
Π∗Λ(V
S
1 , V
S
2 , V
S
1 V
S
2 )ΠΛ is unitarily equivalent to Π
∗
Γ(V
D
1 , V
D
2 , V
D
1 V
D
2 )ΠΓ.
Although a triple of commuting contractions does not dilate, in general [26], we ob-
serve that the triple (T1, T2, T1T2) of commuting contractions always dilates to the triple
(V1, V2, V1V2) of commuting isometries, where (V1, V2) is an Andoˆ dilation of (T1, T2)
and that a simple application of Andoˆ’s theorem yields: T = T1T2 with T1, T2 com-
muting contractions if and only if there exists a commuting pair (V1, V2) of isometries
such that (V1, V2, V1V2) is a co-extension of (T1, T2, T ).
1.3. Functional model. An important tool in dilation theory and functional model
theory is the characteristic function, which for a contraction T , is defined by
ΘT (z) := [−T + zDT ∗(IH − zT
∗)−1DT ]|DT , for all z ∈ D.(1.10)
This, at first glance intimidating, expression of the characteristic function actually
is an obvious generalization of the Mo¨bius transformations preserving D, when one
considers the scalar contractions. By virtue of the relation TDT = DT ∗T (see Chapter
I of [24]), it follows that for each z in D, ΘT (z) is in B(DT ,DT ∗). At this point, we
define a couple of terminologies concerning the characteristic function, the first one is
due to Sz.-Nagy and Foias.
Definition 5. Let T and T ′ be contractions acting on Hilbert spaces H and H′ respec-
tively.
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(I) The characteristic functions of T and T ′ are said to coincide if there are unitary
operators u : DT → DT ′ and u∗ : DT ∗ → DT ′∗ such that the following diagram
commutes for all z ∈ D,
DT
ΘT (z)
−−−→ DT ∗
u
y yu∗
DT ′ −−−−→
Θ
T ′
(z)
DT ′∗
.
(II) Let G = {Gi ∈ B(DT ∗) : 1 ≤ i ≤ n} and G
′ = {G′i ∈ B(DT ′∗) : 1 ≤ i ≤ n}. We
say that the pairs (G,ΘT ) and (G
′,ΘT ′) coincide if ΘT and ΘT ′ coincide and
the unitary u∗ : DT ∗ → DT ′∗ involved in the coincidence of ΘT and ΘT ′ has the
following intertwining property:
u∗Gi = G
′
iu∗ for each 1 ≤ i ≤ n.
A contraction on a Hilbert space is called completely-non-unitary (c.n.u.) if it has no
reducing subspace on which it is unitary. It is well-known (Chapter VI, [24]) that two
c.n.u. contractions are unitarily equivalent if and only if their characteristic functions
coincide. Associated to every pair (T1, T2) of commuting contractions, we show in §2
that there is a Hilbert space F , an isometry Λ : DT1T2 → F , a projection P and a
unitary U in B(F). This is known from the time of Andoˆ. We call the tuple (F ,Λ, P, U)
the Andoˆ tuple for (T1, T2), see Definition 13 below.
Definition 6. Let (T1, T2) be a pair of commuting contractions and T = T1T2. Let
(F∗,Γ, P
′, U ′) be the Andoˆ tuple for (T ∗1 , T
∗
2 ). Define contractions G1, G2 on DT ∗ by
(G1, G2) := (Γ
∗P ′⊥U ′Γ,Γ∗U ′∗P ′Γ).
Then the triple (G1, G2,ΘT ) is called the characteristic triple for (T1, T2).
The following theorem, another main result of this paper, is the motivation behind
the above definition.
Theorem 7. Let (T1, T2) and (T
′
1, T
′
2) be two pairs of commuting contractions such
that their products T = T1T2 and T
′ = T ′1T
′
2 are pure contractions. Then (T1, T2) and
(T ′1, T
′
2) are unitarily equivalent if and only if their characteristic triples coincide.
We now consider the converse direction. We consider two Hilbert spaces D and D∗
and an inner function (D,D∗,Θ) – this means that for each z ∈ D, Θ(z) is in B(D,D∗)
and for almost every z ∈ T, Θ(z) is an isometry, see Chapter V of [24] for more details
on inner functions. We answer the following question: For a given inner function
(D,D∗,Θ) and a pair of contractions (G1, G2) on D∗, when does there exist a pair of
commuting contractions with (G1, G2,Θ) as its characteristic triple?
Definition 8. Let (D,D∗,Θ) be an inner function and (G1, G2) on D∗ be a pair of
contractions. We say that the triple (G1, G2,Θ) is admissible if with
Φ(z) = G∗1 + zG2 and Ψ(z) = G
∗
2 + zG1,
the operatorsMΦ andMΨ on H
2(D∗) are contractions,M := ΘH
2(D) is joint (MΦ,MΨ)-
invariant and
M∗ΦM
∗
Ψ|M⊥ =M
∗
ΨM
∗
Φ|M⊥ =M
∗
z |M⊥.
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We then say that the triple
PM⊥(MΦ,MΨ,Mz)|M⊥
is the functional model associated with the admissible triple.
The following theorem was obtained recently in (Corollary 4.2) [17].
Theorem 9 (Das-Sarkar-Sarkar, [17]). Let (T1, T2) be a commuting contractions with
T = T1T2 being pure. Then (T1, T2, T ) is unitarily equivalent to the functional model
of its characteristic triple.
In §5, we derive Theorem 9 as a corollary to Theorem 3. §5 also establishes the
following characterization for admissible triples.
Theorem 10. Let (D,D∗,Θ) be an inner function and (G1, G2) on D∗ be a pair of
contractions. Then the triple (G1, G2,Θ) is admissible if and only if it is the charac-
teristic triple for some pair of commuting contractions with their product being pure.
In fact, (G1, G2,Θ) coincides with the characteristic triple of its functional model.
Berger, Coburn and Lebow in (Theorem 3.1, [10]) found a concrete model for n-tuples
of commuting isometries, which played a basic role in their investigation of structure
of the C∗-algebra generated by the commuting isometries and Fredholm theory of its
elements. We state their result in the particular case when n = 2.
Theorem 11 (Berger-Coburn-Lebow, [10]). Let (V1, V2) be a pair of commuting isome-
tries on a Hilbert space H. Then there exists a Hilbert subspace Hu of H such that
each Vj|Hu is unitary, H
⊥
u is unitarily equivalent to H
2(F) for some Hilbert space F
and under the same unitary
(V1, V2, V1V2)|H⊥u is unitarily equivalent to (MP⊥U+zPU ,MU∗P+zU∗P⊥,Mz),
for some unitary U and projection P in B(F).
Later in [9], Bercovici, Douglas and Foias reconsidered this classification problem
for commuting isometries and carried the analysis beyond. In an attempt to generalize
these classification results, the following was obtained in (Theorem 3.2) [17].
Theorem 12 (Das-Sarkar-Sarkar, [17]). Let (T1, T2) be a pair of commuting contrac-
tions on a Hilbert space H such that their product T = T1T2 is pure. Then there exist a
Hilbert space F∗, a unitary U
′, a projection P ′ in B(F∗) and a subspace M of H
2(F∗)
jointly co-invariant under (MP ′⊥U ′+zP ′U ′,MU ′∗P ′+zU ′∗P ′⊥,Mz) such that
(T1, T2, T ) is unitarily equivalent to PM(MP ′⊥U ′+zP ′U ′,MU ′∗P ′+zU ′∗P ′⊥,Mz)|M.
Both Theorem 11 and Theorem 12 are shown in §5 to be corollaries to Theorem
3. §2 and §3 prove Theorem 2 and Theorem 3, respectively. §4 proves Theorem 23
from which follows Theorem 4. Theorem 7 and Theorem 10 are proved in §5. And
finally in §6 we explain how this work is inspired by the tetrablock theory – the work
of Bhattacharyya [11] and discuss a few open problems.
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2. The Scha¨ffer model for Andoˆ dilation–proof of Theorem 2
Associated to a pair of commuting contractions, there is a unitary and an isometry,
known from the time of Andoˆ. We start by defining these operators as they play a
vital role in the construction. Let (T1, T2) be a pair of commuting contractions on a
Hilbert space H. Denote by T the product T1T2. Then
D2T = I − T
∗
2 T2 + T
∗
2 T2 − T
∗
2 T
∗
1 T1T2 = D
2
T2
+ T ∗2D
2
T1
T2,
which shows that the operator Λ : DT → DT1 ⊕DT2 defined by
ΛDTh = DT1T2h⊕DT2h for all h ∈ H,(2.1)
is an isometry. Also for every pair of commuting contractions (T1, T2), we have
D2T2 + T
∗
2D
2
T1T2 = D
2
T1 + T
∗
1D
2
T2T1,
which shows that the operator U : RanΛ→ DT1 ⊕DT2 defined by
U
(
DT1T2h⊕DT2h
)
= DT1h⊕DT2T1h for all h ∈ H,(2.2)
is an isometry. Now one can add an infinite dimensional Hilbert space l2 to DT1 ⊕DT2
if necessary, to extend U as a unitary. We shall denote the extended unitary operator
by U itself and
F := DT1 ⊕DT2 or F := DT1 ⊕ (DT2 ⊕ l
2),(2.3)
where l2 is the Hilbert space of square summable sequences (when needed). Let f and
g be in DT1 and DT2, respectively. We denote the member f ⊕ g⊕0 of DT1⊕ (DT2⊕ l
2)
just by f ⊕ g. Armed with this unitary U and the isometry Λ, we proceed to construct
the dilation.
Definition 13. For a pair of commuting contractions (T1, T2), let the Hilbert space F ,
the isometry Λ and the unitary U be as defined in (2.3), (2.1) and (2.2), respectively.
Let P denote the projection of F onto DT1 (embedded in the canonical way). The tuple
(F ,Λ, P, U) is called the Andoˆ tuple for (T1, T2).
Let F , P and U be as in the Andoˆ tuple for (T1, T2). Define two bounded operators
E1 and E2 on F by
E1 := P
⊥U and E∗2 := PU.(2.4)
Note that E1 and E2 have the following properties:
E1ΛDTh = E1
(
DT1T2h⊕DT2h
)
= 0⊕DT2T1h and(2.5)
E∗2ΛDTh = E
∗
2
(
DT1T2h⊕DT2h
)
= DT1h⊕ 0, for all h ∈ H.(2.6)
Lemma 14. Let F be any Hilbert space and E1, E2 be in B(F). Then
(E1, E2) = (P
⊥U, U∗P )
for some projection P and a unitary U in B(F) if and only if E1, E2 satisfy
E1E2 = E2E1 = 0 and E1E
∗
1 + E
∗
2E2 = E
∗
1E1 + E2E
∗
2 = IF .
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Proof. The ‘only if’ part is obvious. The virtue of the converse direction was used in
the proof of the Berger-Coburn-Lebow model theory for commuting isometries. But a
detailed proof is not found in their paper. So, we prove it here.
Note that any two operators satisfying the above conditions turn out to be par-
tial isometries, because we easily have E1E
∗
1E1 = E1 and E2E
∗
2E2 = E2, which is
an equivalent characterization for partial isometries. This again is equivalent to all
of E1E
∗
1 , E
∗
1E1, E2E
∗
2 and E
∗
2E2 being projections onto RanE1, RanE
∗
1 , RanE2 and
RanE∗2 , respectively. Moreover, the given hypotheses imply that
RanE1 ⊕ RanE
∗
2 = F = RanE
∗
1 ⊕ RanE2.
By polar decomposition theorem, we have unitaries U1 : RanE1 → RanE
∗
1 and U2 :
RanE∗2 → RanE2 such that
E∗1 = U1(E1E
∗
1)
1
2 and E2 = U2(E
∗
2E2)
1
2 .
Denote the projection E1E
∗
1 by P
⊥ and the unitary
U∗ := U1 ⊕ U2 : RanE1 ⊕RanE
∗
2 → RanE
∗
1 ⊕RanE2.
With these, the operators E1 and E2 are as in (2.4). 
We are now ready to do the first construction of an Andoˆ dilation. Note the similari-
ties with the Scha¨ffer construction of minimal isometric dilation for a single contraction.
Theorem 15 (Scha¨ffer model). Let (T1, T2) be a commuting pair of contractions on a
Hilbert space H and T = T1T2. Define two operators V1, V2 : H⊕H
2(F)→H⊕H2(F)
by
V1 =
(
T1 0
E∗2ΛDT ME1+zE∗2
)
and V2 =
(
T2 0
E∗1ΛDT ME2+zE∗1
)
.(2.7)
The pair (V1, V2) is an isometric dilation of (T1, T2).
Proof. All we need to show is that (V1, V2) is a commuting pair of isometries. We first
show that the (2, 1)-entry in the matrix representation of both V1V2 and V2V1 is ΛDT ,
i.e.,
E∗2ΛDTT2 +ME1+zE∗2E
∗
1ΛDT = E
∗
1ΛDTT1 +ME2+zE∗1E
∗
2ΛDT = ΛDT .(2.8)
In the following computation for all h ∈ H we use E1E2 = 0:
(E∗2ΛDTT2 +ME1+zE∗2E
∗
1ΛDT )h = E
∗
2ΛDTT2h+ E1E
∗
1ΛDTh
= PUΛDTT2h + P
⊥ΛDTh
= ΛDTh
= U∗U(DT1T2h⊕DT2h)
= U∗(DT1h⊕ 0) + U
∗(0⊕DT2T1h)
= U∗PUΛDTh+ U
∗P⊥ΛDTT1h
= E2E
∗
2ΛDTh+ E
∗
1ΛDTT1h
= (E∗1ΛDTT1 +ME2+zE∗1E
∗
2ΛDT )h.
Now Lemma 14 shows that ME1+zE∗2ME2+zE∗1 = ME2+zE∗1ME1+zE∗2 = Mz. This seals
the commutativity part.
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It remains to show that V1 and V2 are isometries. A simple matrix computation
shows that V1 would be an isometry if and only if the following equalities hold:
T ∗1 T1 +DTΛ
∗E2E
∗
2ΛDT = IH and DTΛ
∗E2ME1+zE∗2 = 0.(2.9)
The first equality is true because for every h, h′ ∈ H,
〈E∗2ΛDTh,E
∗
2ΛDTh
′〉 = 〈DT1h⊕ 0, DT1h
′ ⊕ 0〉 = 〈D2T1h, h
′〉,
and the second equality is true because for every h ∈ H, ζ ∈ F , n ≥ 0,
〈DTΛ
∗E2ME1+zE∗2 (z
n ⊗ ζ), h〉H = 〈z
n+1 ⊗E2E
∗
2(ζ),ΛDTh〉H2⊗F = 0.
This shows that V1 is an isometry. Similarly V2 would be an isometry if and only if
the following equalities hold true:
T ∗2 T2 +DTΛ
∗E1E
∗
1ΛDT = IH and DTΛ
∗E1ME2+zE∗1 = 0.(2.10)
Note that for every h, h′ ∈ H, we have
〈E∗1ΛDTh,E
∗
1ΛDTh
′〉 = 〈0⊕DT2h, 0⊕DT2h
′〉 = 〈D2T2h, h
′〉,
and for every ζ ∈ F , n ≥ 0, we have
〈DTΛ
∗E1ME2+zE∗1 (z
n ⊗ ζ), h〉 = 〈zn+1 ⊗E1E
∗
1(ζ),ΛDTh〉H2⊗F = 0,
proving that V2 is an isometry too. This completes the proof.. 
The proof of Theorem 15 shows that if we denote the product V1V2 by V , then
V =
(
T 0
ΛDT Mz
)
.(2.11)
Note that if (V1, V2) is an Andoˆ dilation of (T1, T2), then the product V = V1V2 is an
isometric dilation of the product T = T1T2. How is the dilation V = V1V2 related to
the Scha¨ffer’s minimal isometric dilation VS of T = T1T2? The theorem below answers
this question.
Theorem 16. Let (T1, T2) be a pair of commuting contractions and (V1, V2) be the
Andoˆ dilation of (T1, T2) constructed in Theorem 15. Then there exists an isometry
ΠΛ : H⊕H
2(DT )→H⊕H
2(F) such that
Π∗ΛV1V2ΠΛ = VS,
where T = T1T2 and VS is the minimal isometric dilation of T as in (1.2).
Proof. With the isometry Λ as in the Andoˆ tuple for (T1, T2), define ΠΛ by
ΠΛ := IH ⊕ (IH2 ⊗ Λ) : H⊕H
2(DT )→ H⊕H
2(F).(2.12)
Now it is easy to see by the matrix representation (2.11) of the product V1V2 that the
isometry ΠΛ has the desired property. 
Proof of Theorem 2. (P) ⇒ (A): Let (T1, T2) be a pair of commuting contractions
on a Hilbert space H and T = T1T2. Then note that the Andoˆ dilation (V1, V2)
constructed in Theorem 15 has all the properties described in part (A).
(A)⇒(S): Suppose there exist a Hilbert space F , an isometry Λ : DT → F and a
commuting pair of isometries (V1, V2) with the structure as described in part (A). Let
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us denote P⊥U and U∗P by E1 and E2, respectively. Define two bounded operators
F1 and F2 on DT by
Fi := Λ
∗EiΛ, for i = 1, 2.(2.13)
With the isometry ΠΛ = IH⊕ (IH2⊗Λ), define two bounded operators on H⊕H
2(DT )
by
S1 := Π
∗
ΛV1ΠΛ =
(
T1 0
F ∗2DT MF1+zF ∗2
)
and S2 := Π
∗
ΛV2ΠΛ =
(
T2 0
F ∗1DT MF2+zF ∗1
)
.
Then note that S1 and S2 are contractions and have all the properties described in
part (S). Note that the pair (S1, S2) need not be commuting, in general.
(S)⇒(P): This implication is obvious. 
We end this section with the following remark on operators defined in (2.13).
Remark 17. For a commuting pair of contractions (T1, T2), we are going to see in
§4 (Theorem 24), that the contraction operators F1, F2 on DT as defined in (2.13) are
uniquely determined by the triple (T1, T2, T1T2).
3. The Douglas model for Andoˆ dilation-Proof of Theorem 3
In this section we do the second construction of Andoˆ dilation. It is well-known
that an arbitrary family of commuting isometries can always be extended to a family
of commuting unitaries. The following result shows that when the family is finite and
one of the isometry in the family is the product of the rest of the isometries, then the
family can be extended to family of commuting unitaries with additional structure.
Lemma 18. Let V = (V1, V2, . . . , Vn, V ) be a commuting tuple of isometries on a
Hilbert space H such that V = V1V2 · · ·Vn, then V has a unitary extension Y =
(Y1, Y2, . . . , Yn, Y ) such that Y = Y1Y2 · · ·Yn is the minimal unitary extension of V .
Proof. We use the Berger-Coburn-Lebow model theory for commuting isometries to
prove this result. We prove it for the case when n = 2. The proof for the general
case can be done similarly. So let (V1, V2) be a pair of commuting isometries on H and
V = V1V2. By Wold decomposition ([30], [31]), we know that
H = H2(DV ∗)⊕Hu, where Hu =
∞⋂
n=0
V nH,
and with respect to this decomposition, V = Mz ⊕W , where Mz is the forward shift
on H2(DV ∗) and W = V |Hu is unitary. It can be checked that the spaces H
2(DV ∗)
and Hu are reducing for both V1 and V2 and hence by commutativity Vi = Mϕi ⊕
Wi, where for each i = 1, 2, ϕi ∈ H
∞(DV ∗) and (W1,W2) = (V1, V2)|Hu is a pair
of commuting unitaries such that W1W2 = W . Since V1 = V
∗
2 V , considering the
power series expansion of ϕ1 and ϕ2, one easily concludes that ϕ1(z) = F1 + zF
∗
2 and
ϕ2(z) = F2+zF
∗
1 for some F1, F2 in B(DV ∗). Now because (V1, V2) are commuting pair
of isometries, so are (Mϕ1 ,Mϕ2) and since Mϕ1Mϕ2 =Mz, by Lemma 14 we obtain
(V1, V2, V1V2) = (MP⊥U+zPU ,MU∗P+zU∗P⊥,Mz)
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for some projection P and unitary U in DV ∗ . Now define the following two operators
on L2(DV ∗)⊕Hu:
(Y1, Y2) := (MP⊥U+eitPU ⊕W1,MU∗P+eitU∗P⊥ ⊕W2).
Clearly Y = (Y1, Y2) is a unitary extension of V = (V1, V2). Moreover, Y = Y1Y2 =
Meit ⊕W on L
2(DV ∗) ⊕ Hu is clearly the minimal unitary extension of V = V1V2 =
Mz ⊕W on H
2(DV ∗)⊕Hu. 
The following well-known result by Douglas is omnipresent in operator theory.
Lemma 19 (Douglas Lemma, [19]). Let A and B be two bounded operators on a
Hilbert space H. Then there exists a contraction C such that A = BC if and only if
AA∗ ≤ BB∗.
See the paper [19] for a general version of the above lemma. Recall from the Intro-
duction that for a contraction T , the operator Q2 is the limit of T nT ∗n in the strong
operator topology, X∗ : RanQ→ RanQ is the isometry such that
X∗Q = QT ∗,(3.1)
and W ∗ on R ⊇ RanQ is the minimal unitary extension of X∗. The isometry Mz⊕W
on H2(DT ∗) ⊕ R, which we denoted by VD, is a minimal isometric dilation of T and
the isometry ΠD : H → H
2(DT ∗)⊕R defined by
ΠD(h) = O(h)⊕Q(h),(3.2)
has the following intertwining property
ΠDT
∗ = (Mz ⊕W )
∗ΠD,(3.3)
where O is the observability operator defined in (1.6).
Let us now take the contraction T to be the product of two commuting contractions
T1 and T2. In this case, as we are going to see, many more interesting facts hold. For
first example, let h ∈ H, then
〈T1Q
2T ∗1 h, h〉 = lim〈T
n(T1T
∗
1 )T
∗nh, h〉 ≤ lim〈T nT ∗nh, h〉 = 〈Q2h, h〉
which, by Douglas Lemma, implies that there exists a contraction X∗1 such that
X∗1Q = QT
∗
1 . A similar treatment with the other contraction T2 would give us an-
other contraction X∗2 such that X
∗
2Q = QT
∗
2 . Note that
X∗1X
∗
2 = X
∗,
where X∗ is as in (3.1). It is clear that X1 and X2 commute. Since X
∗ is an isometry,
both X∗1 and X
∗
2 are isometries. Because, in general, if T is an isometry such that
T = T1T2 for some commuting contractions T1 and T2, then both of T1 and T2 are
isometries. It follows from the following norm equalities which we have seen in §2:
‖DT1T2h‖
2 + ‖DT2h‖
2 = ‖DTh‖
2 = ‖DT1h‖
2 + ‖DT2T1h‖
2 for all h ∈ H.
Also, note that the same is true if the word ‘isometry’ is replaced by ‘unitary’ because
the above equalities hold for every contraction, in particular, for T ∗1 and T
∗
2 also.
By Lemma 18, we have a commuting unitary extension of (X∗1 , X
∗
2 ), (W
∗
1 ,W
∗
2 ) say,
on the same space R ⊇ RanQ, where W ∗, the minimal unitary extension of X∗ acts
and moreover W = W1W2.
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Let (F∗,Γ, P
′, U ′) be the Andoˆ tuple for (T ∗1 , T
∗
2 ). Recall that this means
F∗ = DT ∗
1
⊕DT ∗
1
or DT ∗
1
⊕DT ∗
1
⊕ l2,(3.4)
Γ : DT ∗ → F∗ is the isometry
ΓDT ∗h = DT ∗
1
T ∗2 h⊕DT ∗2 h for all h ∈ H,(3.5)
P ′ is the orthogonal projection of F∗ onto DT ∗ and U
′ : F∗ → F∗ is a unitary that has
the following property
U ′
(
DT ∗
1
T ∗2 h⊕DT ∗2 h
)
= DT ∗
1
h⊕DT ∗
2
T ∗1 h for all h ∈ H.(3.6)
Now define operators H1, H2 on F∗ by
(H1, H2) := (P
′⊥U ′, U ′∗P ′)(3.7)
We shall prove that the pair (V D1 , V
D
2 ) on the space H
2(F∗)⊕R defined by
V D1 :=
(
MH∗
1
+zH2 0
0 W1
)
and V D2 :=
(
MH∗
2
+zH1 0
0 W2
)
,(3.8)
is an Andoˆ dilation for (T1, T2). We need the following result before we can prove that.
Lemma 20. For a pair (T1, T2) of commuting contractions on a Hilbert space H and
T = T1T2, we have
ΓDT ∗T
∗
1 = H1ΓDT ∗ +H
∗
2ΓDT ∗T
∗ and ΓDT ∗T
∗
2 = H2ΓDT ∗ +H
∗
1ΓDT ∗T
∗,
where the isometry Γ and the contractions (H1, H2) are as defined in (3.5) and (3.7),
respectively.
Proof. We only establish one of the equalities and leave the other as it can be proved
similarly. For all h ∈ H,
H1ΓDT ∗h+H
∗
2ΓDT ∗T
∗h = P ′⊥U ′(DT ∗
1
T ∗2 h⊕DT ∗2 h) + P
′U ′(DT ∗
1
T ∗2 T
∗h⊕DT ∗
2
T ∗h)
= (0⊕DT ∗
2
T ∗1 h) + (DT ∗1 T
∗h⊕ 0)
= DT ∗
1
T ∗2 T
∗
1 h⊕DT ∗2 T
∗
1 h = ΓDT ∗T
∗
1 h.

Theorem 21. Let (T1, T2) be a pair of commuting contractions on a Hilbert space H.
Then the pair (V D1 , V
D
2 ) on H
2(F∗)⊕R as defined in (3.8) is an isometric dilation of
(T1, T2).
Proof. Let T = T1T2. Define the operator Π˜ : H → H
2(F∗)⊕R by
Π˜(h) := ΠΓΠD(h) =
∞∑
n=0
znΓDT ∗T
∗nh⊕Qh,
where for Γ as defined in (3.5), ΠΓ is the isometry defined by
ΠΓ := (IH2 ⊗ Γ)⊕ IR(3.9)
and ΠD is the isometry as defined in (3.2). To complete the proof of the theorem we
show that
(V D1 , V
D
2 )
∗Π˜ = Π˜(T1, T2)
∗.
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Lemma 20 will now come handy to establish these two equalities. We only establish
one and the other equality can be established similarly. For h ∈ H,
V D∗1 Π˜h = (M
∗
H∗
1
+zH2
⊕W ∗1 )Π˜h
=
(
∞∑
n=0
znH1ΓDT ∗T
∗nh+
∞∑
n=1
zn−1H∗2ΓDT ∗T
∗nh
)
⊕W ∗1Qh
=
∞∑
n=0
zn (H1ΓDT ∗ +H
∗
2ΓDT ∗T
∗)T ∗nh⊕X∗1Qh
=
∞∑
n=0
znΓDT ∗T
∗nT ∗1 h⊕QT
∗
1 h = Π˜T
∗
1 h.
This completes the proof. 
Remark 22. Note that the operators U1, U2 on L
2(F∗)⊕R defined by
U1 :=
(
MH∗
1
+eitH2 0
0 W1
)
and U2 :=
(
MH∗
2
+eitH1 0
0 W2
)
are commuting unitary extensions of V D1 and V
D
2 , respectively, where (V
D
1 , V
D
2 ) are as
in Theorem 21. Hence (U1, U2) is an Andoˆ unitary dilation of (T1, T2).
Proof of theorem 3. (P)⇔ (A′) : Note that (P)⇒ (A′) is the subject of Theorem
21 with M being the range of the isometry Π˜. The direction (A′)⇒ (P) is clear.
(P) ⇔ (D) : For the part (P) ⇒ (D), let (V D1 , V
D
2 ) be as in Theorem 21 and
define (D1, D2, D) := Π
∗
Γ(V
D
1 , V
D
2 , V
D)ΠΓ, where ΠΓ = (IH2 ⊗Γ)⊕ IR. Note that since
Π˜ = ΠΓΠD and (V
D
1 , V
D
2 , V
D)∗Π˜ = Π˜(T1, T2, T1T2)
∗, we have
ΠD(T1, T2, T1T2)
∗ = Π∗Γ(V
D
1 , V
D
2 , V
D)∗ΠΓΠD = (D1, D2, D)
∗ΠD.
Therefore if we chooseM′ to be the range of ΠD, then we have the operators D1, D2, D
satisfying all the properties described in (D). And finally, (D)⇒ (P) is obvious. 
4. Uniqueness - proof of Theorem 4
It is a one-variable phenomenon that any two minimal isometric (or unitary) dila-
tions of a contraction are unitarily equivalent. It is, however, known [23] that two
minimal Andoˆ dilations need not be unitarily equivalent. Hence we do not expect that
the two Andoˆ dilations constructed here are unitarily equivalent. However, equations
(1.3) and (1.9) reflect a certain beauty in the dilation pairs, viz., the products of the
dilation pairs, when compressed to the corresponding minimal isometric dilation spaces
of the product T = T1T2, give us back the minimal isometric dilations of T = T1T2.
Surprisingly, this is good enough for the following two triples of contractions to be
unitarily equivalent:
(S1, S2, VS) := Π
∗
Λ(V1, V2, V1V2)ΠΛ and
(D1, D2, VD) := Π
∗
Γ(V1, V2, V1V2)ΠΓ,
where (V1, V2) and (V
D
1 , V
D
2 ) are the Andoˆ dilations as in Theorem 15 and Theorem
21, respectively and the isometries ΠΛ and ΠΓ are as defined in (2.12) and (3.9),
respectively. We actually prove a stronger version of Theorem 4.
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For a pair T := (T1, T2) of commuting contractions, let
UT := {(W1,W2,W ) : (W1,W2,W ) is a dilation of (T1, T2, T1T2),
W is the minimal isometric dilation of T = T1T2,
(W1,W ), (W2,W ) are commuting and W1 = W
∗
2W.}
It can be checked easily that the triples (S1, S2, VS) on H⊕H
2(DT ) and (D1, D2, VD)
on H2(DT ∗)⊕R are in UT . The following is the main result of this section.
Theorem 23. For a pair T := (T1, T2) of commuting contractions, the family UT is a
singleton set under unitary equivalence.
For a commuting pair T = (T1, T2) of contractions, let W = (W1,W2,W ) on
K and W ′ = (W ′1,W
′
2,W
′) on K′ be in UT . Since both of these triples are dila-
tions of (T1, T2, T ), there exist isometries Π : H → K and Π
′ : H → K′ such that
(T1, T2, T1T2)Π
∗ = Π∗W and (T1, T2, T1T2)Π
′∗ = Π′∗W ′. Theorem 23 says that W and
W ′ are unitarily equivalent, i.e., there exists a unitary U : K → K′ such that
UW =W ′U and UΠ = Π′.
In the proof of the above uniqueness theorem we use the following result, which is
interesting in its own right, so we state it as a theorem.
Theorem 24. Let (T1, T2) be a commuting pair of contractions, T = T1T2 and (F ,Λ, P, U)
be the Andoˆ tuple for (T1, T2). Define two operators F1, F2 on DT by
(F1, F2) := (Λ
∗P⊥UΛ,Λ∗U∗PΛ).(4.1)
Then the contractions F1 and F2 satisfy
T1 − T
∗
2 T = DTF1DT and T2 − T
∗
1 T = DTF2DT .(4.2)
Conversely, any two bounded operators F1, F2 in B(DT ) satisfying equations (4.2) are
of the form (4.1), where (F ,Λ, P, U) is the Andoˆ tuple for (T1, T2).
Proof. Let us call the partial isometries P⊥U and U∗P by E1 and E2, respectively.
Therefore E1 and E2 have the properties (2.5). Therefore for every h, h
′ ∈ H and
i = 1, 2,
〈DTFiDTh, h
′〉 = 〈EiΛDTh,ΛDTh
′〉
= 〈Ei
(
DT1T2h⊕DT2h
)
,
(
DT1T2h
′ ⊕DT2h
′
)
〉
=
{
〈
(
0⊕DT2T1h
)
,
(
DT1T2h
′ ⊕DT2h
′
)
〉 = 〈(T1 − T
∗
2 T )h, h
′〉 if i = 1
〈
(
DT1T2h⊕DT2h
)
,
(
DT1h
′ ⊕ 0
)
〉 = 〈(T2 − T
∗
1 T )h, h
′〉 if i = 2.
This proves the first part of the theorem. To prove the second part, let there be
two pairs (F1, F2) and (F
′
1, F
′
2) of operators on DT which satisfy equations (4.2), then
DT (Fi − F
′
i )DT = 0 for i = 1, 2. Since the operators act on the defect space DT , this
implies that Fi = F
′
i for i = 1, 2. 
Remark 25. Note that since Theorem 24 holds for any pair of commuting contractions,
in particular, it holds for the adjoint (T ∗1 , T
∗
2 ) also. Therefore we have a result similar
to Theorem 24 in terms of the Andoˆ tuple (F∗,Γ, P
′, U ′) for (T ∗1 , T
∗
2 ).
We are now ready to prove the main result of this section.
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Proof of Theorem 23. Let (W1,W2,W ) be in UT . We show that (W1,W2,W ) is uni-
tarily equivalent to (S1, S2, VS). Without loss of generality, we assume that
W =
(
T 0
DT Mz
)
= VS.
Since (W1,W2,W ) is a dilation of (T1, T2, T1T2), we suppose that with respect to the
decomposition H⊕H2(DT ), W1 and W2 are given by
W1 =
(
T1 0
X1 Y1
)
and W2 =
(
T2 0
X2 Y2
)
,
respectively. Since the pairs (W1,W ) and (W2,W ) are commuting, we have by com-
paring the (2, 2) entries,
YiMz =MzYi, for both i = 1, 2.
Hence Yi =Mϕi for some ϕi ∈ H
∞(B(DT )) for both i = 1, 2. Now W1 = W
∗
2W implies
the following three equalities:

(a)Mϕ1 =M
∗
ϕ2Mz
(b)X1 =M
∗
ϕ2
DT
(c)T1 − T
∗
2 T = DTF1DT .
(4.3)
Considering the power series expansions of ϕ1 and ϕ2 we have by (4.3)(a),
ϕ1(z) = F1 + zF
∗
2 and ϕ2(z) = F2 + zF
∗
1
for some F1 and F2 in B(DT ). This and (4.3)(b) imply X1 = F
∗
2DT . Now the pair
(W2,W ) is commuting and W is an isometry imply W2 = W
∗
1W , which implies{
(a)X2 = F
∗
1DT
(b)T2 − T
∗
1 T = DTF2DT .
(4.4)
Therefore, we have, so far shown that
W1 =
(
T1 0
F ∗2DT MF1+zF ∗2
)
and W2 =
(
T2 0
F ∗1DT MF2+zF ∗1
)
.
Note that since Mϕ1 and Mϕ2 are contractions, so are F1 and F2. The rest of the proof
follows from equations (4.3)(c), (4.4)(b) and Theorem 24. 
We have the following direct consequence of Theorem 23.
Corollary 26. For a pair (T1, T2) of commuting contractions and T = T1T2, if the
isometries Λ : DT → F and Γ : DT ∗ → F∗ as defined in (2.1) and (3.5), respectively,
are surjective, then the Andoˆ dilations constructed in Theorem 15 and Theorem 21
are unitarily equivalent. In Sz.-Nagy–Foais terminology, if both the factorizations T =
T1T2 and T
∗ = T ∗1 T
∗
2 are regular (§3, Chapter VII, [24]), then the two Andoˆ dilations
constructed in this paper are unitarily equivalent.
18 SAU
5. Functional models and unitary invariants for the pure case - proof
of Theorem 7 and Theorem 10
The motivation behind this section is the celebrated Sz.-Nagy and Foias model theory
for contractions, see Chapter VI of the classic [24]. The objective of this section is to
develop a similar model theory for pairs (T1, T2) of commuting contractions such that
T1T2 is pure. First we record the following three consequences of Theorem 3.
Proof of Theorem 11. We first compute the Andoˆ tuple (V,Γν , Pν , Uν) for (V
∗
1 , V
∗
2 ),
where (V1, V2) is a commuting pair of isometries on H. For that we note the following
simple fact.
Lemma 27. For a pair (V1, V2) of commuting isometries on a Hilbert space H,
{DV ∗
1
V ∗2 h⊕DV ∗2 h : h ∈ H} = DV ∗1 ⊕DV ∗2 = {DV ∗1 h⊕DV ∗2 V
∗
1 h : h ∈ H}.
Proof. We only establish the first equality, the proof of the second equality is similar.
In the proof we use the basic fact that if V is an isometry, then DV ∗ is the projection
onto RanV2
⊥. Let f ⊕ g ∈ DV ∗
1
⊕DV ∗
2
be such that
〈DV ∗
1
V ∗2 h⊕DV ∗2 h, f ⊕ g〉 = 0 for all h ∈ H.
This is equivalent to 〈DV ∗
1
V ∗2 h, f〉 + 〈DV ∗2 h, g〉 = 0 for all h ∈ H, which implies that
〈V ∗2 h, f〉+ 〈h, g〉 = 0 for all h ∈ H. Hence g = −V2f , which implies that g = DV ∗2 g =
−(I − V2V
∗
2 )V2f = 0. Hence f = 0 too. 
Denote V := DV ∗
1
⊕ DV ∗
2
and V = V1V2. By Lemma 27, we have the operators
Γν : DV ∗ → V and Uν : V → V defined by
ΓνDV ∗h = DV ∗
1
V ∗2 h⊕DV ∗2 h and Uν
(
DV ∗
1
V ∗2 h⊕DV ∗2 h
)
= DV ∗
1
h⊕DV ∗
2
V ∗1 h,(5.1)
respectively, are unitaries. In terms of Sz.-Nagy–Foias terminology, this means that
the factorization of a co-isometry into the product of contraction is always regular, see
(§3 in Chapter VII of [24]).
Now note that when the product T1T2 is a pure contraction, then the Hilbert space
R in Theorem 3 is zero. Theorefore applying Theorem 3 to the pair (V1, V2) such that
V1V2 is pure, we get Theorem 11. 
Remark 28. Note that our method of the proof of Theorem 11 reveals that the space
F in the statement can also be chosen to be DV ∗
1
⊕DV ∗
2
.
Proof of Theorem 12. It follows from proof of (P) ⇔ (A′) in Theorem 3 and the
fact that R = 0. 
Proof of Theorem 9. It is known from the time of Sz.-Nagy–Foias that when T is a
pure contraction, ΘT is an inner function and
Q := RanO = (ΘTH
2(DT ))
⊥ = H2(DT ∗)⊖ΘTH
2(DT ).(5.2)
Now if we specialize Theorem 3 to the case when the product T = T1T2 is pure, then
the space R = 0 and hence it follows from the proof of the implication (P) ⇒ (D)
that if (G1, G2,ΘT ) is the characteristic triple for (T1, T2), then
O(T1, T2, T1T2)
∗ = (MG∗
1
+zG2 ,MG∗2+zG1,Mz)
∗O.
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Therefore (G1, G2,ΘT ) satisfies all the conditions to be an admissible triple and
(T1, T2, T1T2) is unitarily equivalent to PQ(MG∗
1
+zG2,MG∗2+zG1 ,Mz)|Q.

We shall now prove Theorem 7 and Theorem 10. The following result will be used.
Theorem 29 (Sz.-Nagy and Foias, [24]). If (D,D∗,Θ) is an inner function, then
P(ΘH2(D))⊥Mz|(ΘH2(D))⊥
is a pure contraction with its characteristic function coinciding with Θ.
Proof of Theorem 7. We first prove the ‘only if’ direction. Let (T1, T2) on H and
(T ′1, T
′
2) on H
′ be two pairs of commuting contractions such that their products T =
T1T2 and T = T
′
1T
′
2 are pure. Let (G1, G2,ΘT ) and (G
′
1, G
′
2,ΘT ′) be their characteristic
triples. Let U : H → H′ be a unitary such that U(T1, T2) = (T
′
1, T
′
2)U. It can be
checked easily that this unitary intertwines the defect operators:
UDT = DT ′U and UDT ∗ = DT ′∗U.
Let u and u∗ be the unitaries u := U |DT and u∗ := U |DT∗ . For all h ∈ H,
ΘT ′uDTh = (−T
′ + zDT ′∗(IH′ − zT
′∗)−1DT ′)uDTh
= u∗(−T + zDT ∗(IH − zT
∗)−1DT )DTh = u∗ΘTDTh,
and by Remark 25,
DT ∗u
∗
∗G
′
1u∗DT ∗h = u
∗
∗DT ′∗G
′
1DT ′∗u∗ = U
∗(T ′∗1 − T
′
2T
′∗)U = T ∗1 − T2T
∗ = DT ∗G1DT ∗
which by uniqueness gives u∗∗G
′
1u∗ = G1. Similar computation gives u
∗
∗G
′
2u∗ = G2.
Conversely, suppose that the characteristic triples (G1, G2,ΘT ) and (G
′
1, G
′
2,ΘT ′)
of two pairs (T1, T2) on H and (T
′
1, T
′
2) on H
′ of commuting contractions with their
products T = T1T2 and T = T
′
1T
′
2 being pure, coincide. Let u : DT → DT ′ and u∗ :
DT ∗ → DT ′∗ be two unitaries such that ΘT ′u = u∗ΘT and u∗Gi = G
′
iu∗, i = 1, 2. It is a
matter of straightforward computation to check that the unitary U∗ := IH2 ⊗ u∗ takes
ΘTH
2(DT ) onto ΘT ′H
2(DT ′) and intertwines the functional models corresponding to
(G1, G2,ΘT ) and (G
′
1, G
′
2,ΘT ′). Hence an application of Theorem 9 seals the deal. 
Proof of Theorem 10. Let (D,D∗,Θ) be an inner function and G1, G2 on D∗ be
contractions such that the triple (G1, G2,Θ) is admissible. Let us define
(T1, T2) := PM⊥(MG∗
1
+zG2 ,MG∗2+zG1)|M⊥, where M := ΘH
2(D).
Defining criteria for admissibility imply that T = (T1, T2) is a commuting pair of
contractions onM⊥ and that T = T1T2 is a pure contraction. Let (G
′
1, G
′
2,ΘT ) be the
characteristic triple for (T1, T2). By Theorem 29, Θ coincides with ΘT . This means
that there exist unitaries u : D → DT and u∗ : D∗ → DT ∗ such that ΘTu = u∗Θ. Note
that since Θ and ΘT are inner functions, both the triples G := (MG∗
1
+zG2,MG∗2+zG1,Mz)
on H2(D∗) and G
′ := (MG′∗
1
+zG′
2
,MG′
2
∗+zG′
1
,Mz) on H
2(DT ∗) are dilations of (T1, T2, T )
and are in the family UT . Hence there exists a unitary U∗ : H
2(D∗) → H
2(DT ∗) such
that U∗G = G
′U∗ and U∗|(ΘH2(D))⊥ = I, where (ΘH
2(D))⊥ and (ΘTH
2(DT ))
⊥ are
identified as
(I −ΘΘ∗)f 7→ (I −ΘTΘ
∗
T )(IH2 ⊗ u∗)f, for all f ∈ H
2(D∗).
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Since both the dilations Mz on H
2(D∗) and Mz on H
2(DT ∗) of T are minimal such
a unitary is unique and since (IH2 ⊗ u∗) is one such unitary, we conclude that U∗ =
IH2 ⊗ u∗. Therefore the two triples (G1, G2,Θ) and (G
′
1, G
′
2,ΘT ) coincide.
Conversely, suppose (G1, G2,Θ) is characteristic triple for some pair (T1, T2) of com-
muting contractions such that T = T1T2 is pure. In the proof of Theorem 9 we observed
that every characteristic triple is actually an admissible triple. 
Remark 30. For a tuple A = (A1, A2, . . . , An) of operators on H, a tuple B =
(B1, B2, . . . , Bn) of operators acting on K containing H is called a joint Halmos di-
lation of A, if there exists an isometry Γ : H → K such that Ai = Γ
∗BiΓ for each
i = 1, 2, . . . , n. Note that Theorem 10 shows that if (G1, G2,Θ) is an admissible triple,
then (G1, G2) has a joint Halmos dilation to a commuting pair (P
⊥U, U∗P ) of partial
isometries, where P is a projection and U is a unitary.
6. Concluding Remarks
6.1. The connection with the tetrablock theory. The purpose of this subsection
is to present how the present work relates to the operator theory of a tetrablock domain,
which is the following non-convex but polynomially convex domain in C3:
E =
{
(x11, x22, detX) : X =
(
x11 x12
x21 x22
)
with ‖X‖ < 1
}
.
This domain arose in connection with the µ-synthesis problem that arises in control
engineering and was first studied in [1] for its geometric properties. The operator
theory on the tetrablock was first developed in [11].
Definition 31 (Bhattacharyya, [11]). A triple (A,B, T ) of commuting bounded oper-
ators on a Hilbert space H is called a tetrablock contraction if E is a spectral set for
(A,B, T ), i.e., the Taylor joint spectrum of (A,B, T ) is contained in E and
||f(A,B, T )|| ≤ ||f ||∞,E = sup{|f(x1, x2, x3)| : (x1, x2, x3) ∈ E}
for any polynomial f in three variables.
It turns out that because tetrablock is polynomially convex the condition of the Tay-
lor joint spectrum being inside the set, is redundant, see Lemma 3.3 in [11]. Note that a
tetrablock contraction (A,B, T ) is essentially a triple of commuting contractions, which
follows when one chooses f to be the projection polynomials in the definition. The
following lemma that led us to the current work, is where the tetrablock contraction
theory comes into play in this context.
Lemma 32. Let (T1, T2) be a commuting pair of contractions on a Hilbert space H
and T = T1T2. Then the triple (T1, T2, T ) is a tetrablock contraction.
Proof. The proof is a simple application of Andoˆ’s Theorem, which in turn proves an
analogue of the famous von Neumann inequality [30, 31] for pairs (T1, T2) of commuting
contractions acting on Hilbert spaces:
‖f(T1, T2)‖ ≤ sup{|f(z1, z2)| : (z1, z2) ∈ D2},
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for every polynomial f in two variables. Define the map pi : D×D→ C3 by pi(z1, z2) :=
(z1, z2, z1z2). Note that Ran(pi) ⊂ E. Now let f be any polynomial in three variables.
By Andoˆ’s theorem,
‖f ◦ pi(T1, T2)‖ ≤ ‖f ◦ pi‖∞,D¯2 ≤ ‖f‖∞,E,
which proves the lemma. 
Two operators with certain properties play a fundamental role in the study of tetra-
block contractions. We need the following notion to describe it. For a bounded operator
F on a Hilbert space H, the numerical radius is defined to be
w(F ) := sup{|〈Fh, h〉| : h ∈ H}.
It was proved in [11] that for every tetrablock contraction (A,B, T ) on a Hilbert space
H, there exist two operators F1 and F2 with the numerical radii at most one such that
A− B∗T = DTF1DT and B − A
∗T = DTF2DT .(6.1)
It is easy to see that any two operators F1, F2 acting on DT satisfying (6.1) are
unique. These unique operators are called the fundamental operators of the tetrablock
contraction (A,B, T ).
Fundamental operators ever since its invention [12] have been proved to be of extreme
importance in multi-variable dilation theory, see [12, 13, 14]. The following lemma
that follows from Theorem 24 and the remark following it, shows that the fundamental
operators are present in both the above constructions of Andoˆ dilation also.
Lemma 33. Let (T1, T2) be a pair of commuting contractions and T = T1T2. Suppose
(F ,Λ, P, U) and (F∗,Γ, P
′, U ′) are the Andoˆ tuples for (T1, T2) and (T
∗
1 , T
∗
2 ), respec-
tively. Then the pairs of operators (F1, F2) on DT and (G1, G2) on DT ∗ defined by
(F1, F2) := (Λ
∗P⊥UΛ,Λ∗U∗PΛ) and (G1, G2) := (Γ
∗P ′⊥U ′Γ,Γ∗U ′∗P ′Γ),(6.2)
respectively, are the fundamental operators of the tetrablock contractions (T1, T2, T ) and
(T ∗1 , T
∗
2 , T
∗), respectively.
A normal boundary dilation for the tetrablock was found in [11, 14] under the
conditions that the fundamental operators F1, F2 satisfy [F1, F2] = 0 and [F1, F
∗
1 ] =
[F ∗2 , F2]. These conditions are not necessarily satisfied by the fundamental operators (as
in (6.2)) of (T1, T2, T1T2), where (T1, T2) is a pair of commuting contractions. Therefore
the constructions given in §2 and §3 are not direct applications of the tetrablock theory.
We now explain why the following model for special tetrablock contractions is a
generalized version of both the Berger-Coburn-Lebow and Das-Sarkar-Sarkar models.
Theorem 34. [Sau, [28]] Let (A,B, T ) be a tetrablock contraction on a Hilbert space
H such that T is pure and let G1, G2 in B(DT ∗) be the fundamental operators of
(A∗, B∗, T ∗). Then Q := H2(DT ∗) ⊖ ΘTH
2(DT ) is joint (MG∗
1
+zG2,MG∗2+zG1,Mz)-
invariant and
(A,B, T ) is unitarily equivalent to (PQMG∗
1
+zG2|Q, PQMG∗2+zG1|Q, PQMz|Q)
via the unitary O : H → Q.
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So, if (T1, T2) is a pair of commuting contractions such that T = T1T2 is pure, then
choosing (A,B, T ) = (T1, T2, T ) in Theorem 34, we see that by Lemma 33, Theorem
12 and Theorem 9 follow.
Since the characteristic function of an isometry is zero, the space Q in Theorem 34
is H2(DT ∗), hence when T is an isometry
(A,B, T ) is unitarily equivalent to (PQMG∗
1
+zG2 |Q, PQMG∗2+zG1|Q, PQMz|Q).
Now choosing (A,B, T ) = (V1, V2, V1V2) for a pair (V1, V2) of commuting isometries,
the Berger-Coburn-Lebow model follows from Lemma 27 and the discussion following
it.
6.2. Future research.
(I) There are at least four different proofs of the classical commutant lifting theo-
rem, see Chapter VII of [21]. One of the proofs is due to Douglas, Muhly and
Pearcy [20]. They used the explicit structure of the minimal isometric dilation
constructed by Scha¨ffer to construct a lifting. A possible application of our
explicit constructions of Andoˆ dilation is the commutant lifting problem for
the bidisk: Given a pair of commuting contractions (T1, T2) on a Hilbert space
H with (V1, V2) acting on H ⊕ H
2(F) as its Andoˆ dilation as constructed in
Theorem 2 and a bounded operator X (commutant) on H commuting with T1
and T2, find a necessary and sufficient condition on X for there to exist an
operator Y acting on H ⊕ H2(F) such that Y commutes with V1 and V2, Y
is co-extension (lifting) of X with the operator norm ‖X‖. In the case when
H is some reproducing kernel Hilbert space on the bidisk and T1, T2 are the
compressions of the multiplication operators by the co-ordinate functions to a
co-invariant subspace, a commutant lifting theorem (for the polydisk in gen-
eral) was obtained in Theorem 5.1 of [8]. An interesting direction for future
research would be to consider an arbitrary pair of commuting contractions and
construct a lifting of commuting operators using the explicit structure of Andoˆ
dilation (V1, V2).
(II) It will be an interesting future research to find results analogous to Theorem 7
and Theorem 10 for a general pair of commuting contractions.
(III) The idea of the construction of a tetrablock isometric dilation in [11] is invoked
in our first construction of Andoˆ dilation. Later in [14] a tetrablock unitary
dilation was constructed. On the other hand, if (U1, U2) is an Andoˆ unitary
dilation of a pair (T1, T2) of commuting contractions, then one easily sees that
(U1, U2, U1U2) is a tetrablock unitary dilation of (T1, T2, T1T2). But one can
check that, unfortunately, a similar use of the ideas invoked in [14] does not
work for a Scha¨ffer-type construction of Andoˆ unitary dilation. So a Scha¨ffer-
type construction of Andoˆ unitary dilation still remains open.
7. Acknowledgement
The author thanks Prof. B. Krishna Das for reading a previous version of this paper
and giving helpful suggestions and comments. The author wishes to express gratitude
to Prof. T. Bhattacharyya for a short inspiring discussion at the beginning of this
ANDOˆ DILATIONS 23
project. The author also wishes to profusely thank Prof. Joseph A. Ball for reading
previous versions of this paper with immense patience and for suggesting Theorem 10.
References
[1] A. A. Abouhajar, M. C. White and N. J. Young, A Schwarz lemma for a domain related to
µ-synthesis, J. Geom. Anal. 17 (2007), 717-750.
[2] J. Agler and J. McCarthy, Distinguished Varieties, Acta. Math. 194 (2005), 133-153.
[3] T. Andoˆ, On a Pair of Commuting Contractions, Acta Sci. Math. (Szeged) 24 (1963), 88-90.
[4] T. Ando, Unitary dilation for a triple of commuting contractions, Bull. Acad. Polon. Sci. Sr. Sci.
Math. Astronom. Phys. 24 (1976), 851-853.
[5] J. R. Archer, Unitary dilations of commuting contractions, Ph.D. Thesis, University of Newcastle
upon Tyne, 2004.
[6] B. Bagchi, T. Bhattacharyya, G. Misra, Some thoughts on Ando’s theorem and Parrott’s example,
Linear Algebra Appl. 341 (2002), 357-367.
[7] J. A. Ball, V. Bolotnikov and Q. Fang, Multivariable backward-shift-invariant subspaces and
observability operators, Multidim Syst Sign Process 18 (2007), 191-248.
[8] J. A. Ball, W. S. Li, D. Timotin and T. T. Trent, A commutant lifting theorem on the polydisc,
Indiana Univ. Math. J. 48 (1999), no. 2, 653-675.
[9] H. Bercovici, R.G. Douglas and C. Foias, On the classification of multi-isometries, Acta Sci.
Math. (Szeged) 72 (2006), 639-661.
[10] C. A. Berger, L. A. Coburn and A. Lebow, Representation and index theory for C∗-algebras
generated by commuting isometries, J. Funct. Anal. 27 (1978), no. 1, 51-99.
[11] T. Bhattacharyya, The tetrablock as a spectral set, Indiana Univ. Math. J. 63 (2014), 1601-1629.
[12] T. Bhattacharyya, S. Pal and S. Shyam Roy, Dilations of Γ-contractions by solving operator
equations, Adv. Math. 230 (2012) 577-606.
[13] T. Bhattacharyya and H. Sau, Γ-unitaries, dilation and a natural example, Publ. Res. Inst. Math.
Sci. 53 (2017), 261-285.
[14] T. Bhattacharyya and H. Sau, Explicit and unique construction of tetrablock unitary dilation in
a certain case, Complex Anal. Oper. Theory, 10 (2016), 749-768.
[15] B. J. Cole and J. Wermer, Andoˆ’s theorem and sums of squares, Indiana Univ. Math. J., 48(1999),
767-791.
[16] B. K. Das and J. Sarkar, Ando dilations, von Neumann inequality, and distinguished varieties,
J. Funct. Anal. 272 (2017), no. 5, 2114-2131.
[17] B. K. Das, S. Sarkar and J. Sarkar, Factorizations of contractions, Adv. Math. 322 (2017), 186-
200.
[18] R. G. Douglas, Structure theory for operators. I., J. Reine Angew. Math. 232 (1968) 180-193.
[19] R. G. Douglas, On majorization, factorization and range inclusion of operators on Hilbert space,
Proc. Amer. Math. Soc. 17(1996), 413-415.
[20] R. G. Douglas, P. S. Muhly and C. Pearcy, Lifting commuting operators, Michigan Math. J., 15
(1968), 385-395.
[21] C. Foias and A. Frazho, The Commutant Lifting Approach To Interpolation Problems, Operator
Theory: Advances and Applications, Vol 44, Birkhauser Verlag, Basel, 1990.
[22] R. Gadidov, Choice sequences and Ando dilations An. Univ. Craiova Mat. Fiz.-Chim. 15 (1987),
14-18.
[23] W. S. Li, D. Timotin, The central Ando dilation and related orthogonality properties, J. Funct.
Anal. 154 (1998), 1-16.
[24] B. Sz.-Nagy, C. Foias, H. Bercovici and L. Kerchy, Harmonic Analysis of Operators on Hilbert
Space, Second edition, Revised and enlarged edition, Universitext, Springer, New York, 2010.
[25] B. Sz.-Nagy, Sur les contractions de l’espace de Hilbert, Acta Sci. Math. 15 (1953), 87-92.
[26] S. Parrott, Unitary dialtions for commuting contractions, Pacific J. math., 34(1970), 481-490.
[27] G. Popescu, Andoˆ dilations and inequalities on noncommutative varieties, J. Funct. Anal.,
272(2017), 3669-3711.
24 SAU
[28] H. Sau, A note on tetrablock contractions, New York J. Math. 21 (2015) 1347-1369.
[29] J.J. Scha¨ffer, On unitary dilations of contractions, Proc. Amer. Math. Soc. 6 (1955), 322. MR
16,934c.
[30] J. von. Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Math. Ann.
102 (1930), 49-131.
[31] H. Wold, A study in the analysis of stationary time series,, 2nd edition, Stokholm, 1954.
